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Abstract
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By issuing tax-exempt bonds, the government can incur debt and never pay back any
principal or interest, even if the economy without public debt evolves on a dynamically
efficient growth path. The welfare effects of such a Ponzi type borrowing scheme are mixed.
The current young will unambiguously benefit. Depending on preferences and the aggregate
technology, also a finite number of subsequent generations may benefit. The welfare of all
generations thereafter, however, will be lower than in the economy without public debt
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I. Introduction

The Diamond (1965) overlapping generations model may generate com-
petitive equilibria in which the growth rate of the labor force exceeds the
long-run return on capital. In these cases the economy is said to be dy-
namically inefficient and the government can play a so-called Ponzi game.
That is, the government can issue bonds and roll over interest and princi-
pal from period to period by perpetually issuing new bonds to render debt
service. Such a Ponzi game is beneficial as it removes overaccumulation
of capital associated with dynamic inefficiency.!

The present note demonstrates that the government can even run a
Ponzi game if the economy without public debt is dynamically efficient.
This becomes possible when the return on private bonds or equity is taxed
and the government issues tax-exempt bonds.? Unlike a traditional Ponzi
game, however, the welfare effects of a Ponzi game based on the issuance
of tax-exempt bonds are rather mixed. The current young will unambigu-
ously benefit. Depending on preferences and the aggregate technology,
also a finite number of subsequent generations may benefit. Thereafter,

however, welfare is lower than in the economy without public debt.

!Many authors have studied the properties of Ponzi games (or bubbles) in dynami-
cally inefficient economies. See, e.g., Tirole (1985), O’Connell and Zeldes (1988), Ball et
al. (1998), Chalk (2000), and Wigger (2005).

28ome countries, e.g., India, exempt interest income on public bonds from income tax-
ation. In the United States interest income on bonds issued by lower levels of government
is exempted from federal income taxation. See Norregaard (1997) for a comprehensive
survey on the ramifications of tax-exempting income on public bonds.



II. The Model

Consider an overlapping generations economy in which at each time t a
new generation, referred to as generation ¢, is born and lives for two pe-
riods. In the first period of life individuals supply one unit of labor, con-
sume, and save for old-age by purchasing one period bonds in the capital
market. In the second period of life individuals retire and consume out
of the proceedings of their savings. The size of each generation is an N
multiple of its forerunner, that is N is the economy’s exogenous growth
factor.

Utility of a generation t individual is assumed to be u; = Inc; 4 31n z,
where ¢; and z; are young- and old-age consumption and 3 > 0 is a dis-

count factor. Young-age consumption is determined by ¢; = w; — s; and

n
t+1

and individual saving at time t and R

old-age consumption by z; = R} ;st, where w; and s; are the wage rate

n
t+1

period (private or public) bonds at time f + 1. Saving is determined by

is the net of tax rate paid on one

utility maximization and reads
5t =Y Wt, 1)

where y = /(1 + ) is the marginal propensity to save out of labor in-
come.

Competitive firms finance investment by issuing one period bonds and
hire labor to produce a homogenous good which serves for both consump-
tion and investment purposes. Aggregate production of all firms at time ¢
is determined by Y; = A Kf‘Ltl_‘", where A > 0 and a > 0 are technologi-
cal parameters, K; is the capital stock at time t, and L; is the labor force at
time t which equals the size of generation t.

Each factor of production is rewarded by its marginal product. As-

suming that capital fully depreciates within one period, the gross rate that



competitive firms pay on one period bonds at time ¢ thus reads

Ry =aAK 1L, )
and the wage rate at time ¢ is given by

wy=(1—a)AKFL ™. 3)

The government imposes a capital tax at the rate T so that the net rate
that individuals receive on their savings at time ¢ reads R} = (1 — 7)R;.
Moreover, at time 0 the government generates additional revenue by is-
suing bonds in an amount equal to By. Both, tax revenue and revenue by
issuing bonds at time 0 are used for some (wasteful) expenditure which
does not affect individual utility.

Rather than paying back the debt, the government rolls over interest
and principal from period to period by issuing new bonds at each time
t. If such a Ponzi game is feasible, the amount of bonds issued by the

government at time ¢ + 1 will equal
Biy1 = RV 1By, (4)

where R 1 18 the rate paid on one period public bonds.
In contrast to private bonds, public bonds are tax-exempt. Therefore,

non-arbitrage in the bond market requires
RV = (1 —1)R;. (5)

Equilibrium in the capital market obtains, when aggregate savings equal
the amount of public and private bonds. As the latter determine the stock
of capital at time t + 1, the capital market equilibrium condition may be



written as
LtSt = Bt + Kt_|_1. (6)

The evolution of the economy can be characterized by two difference
equations determining the dynamics of public bonds and the stock of cap-
ital. It is convenient to express both magnitudes in intensive form. Thus,
let k; = K;/L; denote the capital stock per unit of labor and b; = B;/Y; the
debt-GDP ratio at time .2 Then, straightforward manipulation of egs. (1)
to (6) yields

1 (04
ke = 5 [v(1— &) — b AKE, )
(1 — T ) x bt

, fort=0,1,.... 8
’y(l—(X)—bt ()

b1 =

IIL. The Feasibility of a Ponzi Game

Consider first, as a benchmark, an economy without public debt. Thus,
let by = Oforallt = 0,1,.... Proposition 1 establishes the condition
which guarantees that the economy without public bonds is dynamically
efficient.

Proposition 1 Let by = 0 for all t. Then, the economy evolves on a dynamically

3Expressing public debt in per GDP units (rather than expressing it in per labor units)
facilitates the analysis as it allows to separate the bond dynamics from the dynamics of
the capital stock per worker.

4Galor and Ryder (1991) discuss a variety of conditions that guarantee dynamic effi-
ciency in the overlapping generations model.



efficient growth path if

@

Y < )

1—a

Proof: The present economy is dynamically efficient if lim; .., Ry < N.
When b; = 0 for all ¢, it follows from (7) that lim; ok} = [Ay (1 —
«)/N]V (1-®) Therefore, considering (2), one gets lim;_,oo Ry = a[Ay (1 —
«)/N]~L. It follows that lim;_,., Ry < N is equivalent to ¥ < /(1 — ).
Q.ED.

Next, it will be analyzed under which condition the government can
play a Ponzi game even though v < a/(1 — «), that is, even though the
economy is dynamically efficient. To start with, consider difference equa-

tion (8) and observe that it has a unique non-trivial fixed point at
b=v(1l-a)—(1-1)a (10)

Obviously, b > 0 is equivalent to ¥ > (1 — T)a/ (1 — ). Assume that this
condition is satisfied and consider the dynamics of the debt-GDP ratio as
plotted in Figure 1.

b1 ,45°

Figure 1: Bond Dynamics



If the government issues bonds at time 0 in an amount which satisfies
by < b, the debt-GDP ratio decreases over time and eventually becomes
zero. In this case, the economy converges to the economy without public
debt and a Ponzi game is feasible.’ If, on the other hand, the government
issues bonds at the rate by = b, the debt-GDP ratio stays constant over time
and, again, a Ponzi game is feasible, but the economy will not converge to
the one without public debt.

Things turn out to be completely different, if the government issues
bonds at time 0 at a rate by > b. In this case, the debt-GDP ratio increases
over time. At some time in the future the total amount of public bonds
necessary to render debt service will become larger than aggregate sav-
ings. Then, the young generation at that time will not be able to purchase
all the issued bonds and, in turn, the government will not be able to pay
the full amount of interest and principal to the then old. As the old will
have anticipated this when young, they will not have invested in public
bonds. By backward induction it follows that already the young at time
0 will not accept bonds. As a consequence, the government cannot play a
Ponzi game at a rate that exceeds b.

Proposition 2 summarizes these results.

Proposition 2 The government can play a Ponzi game, that is, it can issue bonds
at time 0 up to an amount b > 0 and roll over principal and interest perpetually,
if and only if

y>(1-n1) @

e (11)

Note that (11) is equivalent to

(1-1)R <N,

°Note that when the economy with public debt converges to the economy without
public debt, the absolut amount of public debt, B;, still grows indefinitely at the rate
lim¢ o R} — 1.



when b; = 0 for all t, where R = lim;_.o, R; is the steady state return to
capital. That is, in the presence of tax-exempt public bonds a Ponzi game
is feasible if and only if in the absence of public bonds the steady state
net of tax return to capital is smaller than the economy’s growth factor. In
contrast, without tax exemption a Ponzi game would only be feasible if
the gross of tax return to capital was smaller than the economy’s growth
factor.

Compounding the results stated in Propositions 1 and 2, the following
corollary can be established.

Corollary 1 The economy is both dynamically efficient and the government can
play a Ponzi game if

@ [0

Condition (12) is equivalent to
(1-T)R< N <R,

when b; = 0 for all t. Thus, when the economy’s growth factor is just
between the steady state net of tax return to capital and the steady state
gross of tax return to capital, a Ponzi game is feasible and the economy is
dynamically efficient.

There is a similarity between the result stated in Corollary 1 and a re-
sult derived by Grossman and Yanagawa (1993) and King and Ferguson
(1993) in an endogenous growth model where an externality from invest-
ment in physical capital sustains long-run per capita income growth. The
externality creates a wedge between the private and the social return to
capital. If the endogenously determined growth rate lies between the pri-
vate and the social return to capital, then a Ponzi game is feasible although
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the economy is dynamically efficient (as the growth rate is below the social

return to capital).

I'V. Welfare Implications

In the Diamond (1965) economy a Ponzi game — when feasible — is bene-
ficial as it removes overaccumulation of capital associated with dynamic
inefficiency.® In contrast, under the condition stated in Corollary 1 there
is no dynamic inefficiency despite the fact that a Ponzi game is feasible.
In fact, a Ponzi game based on the issuance of tax-exempt bonds cannot
be generally welfare improving as there is no such thing as overaccumu-
lation.

However, as the next proposition states, a Ponzi game will unambigu-
ously benefit generation 0 and, depending on preferences and the aggre-
gate technology, a finite number of subsequent generations.

Proposition 3 Let the government issue bonds at time 0 in an amount satisfying
bo = b and let it roll over principal and interest perpetually. Then,

i. the welfare of generation 0 increases,

ii. the welfare of generation t,t =1,2,... increases if and only if

a 1—ao

1—al—attl’

Y >

iii. if the welfare of generation t increases, the welfare of all generations j =
1,...,t — 1 will also increase.

6See Tirole (1985).
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Proof : See the Appendix.

Members of generation 0 benefit because they are affected by the launch
of the Ponzi game at time 0 only through an increase in the return on their
saving at time 1. This is because the wage rate that the members of gener-
ation 0 receive when young is predetermined by the stock of capital accu-
mulated at time —1. All subsequent generations are in two ways affected
by the Ponzi game. Since the Ponzi game has a negative effect on capi-
tal accumulation, it both lowers the wage rate received when young and
increases the return on saving received when old. For a finite number of
generations the overall result of these two effects may be positive. In fact,
the more generations will benefit the larger is ¥ and the smaller is a. A
large y implies a large saving and, thus, a large benefit from an increase in
the return on saving. A small «, on the other hand, implies that aggregate
production inelastically responds to a decrease in the capital stock, which
dampens the negative effect of a Ponzi game on capital accumulation.

Since the sequence {(1—af)/(1— oct“)}?il converges to 1, only a
finite number of generations will benefit from the Ponzi game if y <
a/(1 — ), that is, if the economy is dynamically efficient (see Proposi-
tion 1). All generations born thereafter, in contrast, will be made worse
off. This case is illustrated in Figure 2, where v; measures indirect utility
of a member of generation ¢, and, as a point of reference, ; measures indi-
rect utility on a growth path without public bonds (see the Appendix for
the exact form of indirect utility; in Figure 2 it is assumed that the initial
capital stock per unit of labor, ky, is below its long-run level).

Proposition 3 confines attention to the case by = b. If by < b, the debt-
GDP ratio becomes zero over time so that the economy converges to the
steady state without public bonds. In this case, therefore, the Ponzi game
can only affect welfare on a transitory growth path. The next proposition
explains the welfare consequences of a Ponzi game with by < b.
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Figure 2: Welfare for by = b

Proposition 4 Let the government issue bonds at time 0 in an amount satisfying
0 < by < b and let it roll over principal and interest perpetually. Then,

i. the welfare of generation 0 increases,

ii. thereis some t > 1 so that the welfare of all generations t > t decreases if

P
Y 1—a

Proof : See the Appendix.

The result is illustrated in Figure 3. Like in the case by = b, the Ponzi
games benefits the current young and, possibly, a finite number of subse-
quent generations. If the economy without public debt is dynamically effi-
cient, however, all generations born after some time f will be made worse
off. Since the economy converges to the economy without public debt,
the welfare of future generations will converge to the level of welfare they
would have obtained, if the government had not launched a Ponzi game
at time 0.
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Figure 3: Welfare for 0 < by < b

V. Conclusion

The present note has shown that the government may issue bonds and
roll over interest and principal, that is run a Ponzi game, even if the econ-
omy without public debt is dynamically efficient. This becomes possible
when the government taxes capital income and the net of tax interest rate
is smaller than the economy’s rate of growth, whereas the gross of tax in-
terest rate is larger. Then, if the government exempts interest payment on
public bonds from capital taxes, the total amount of public debt will grow
at a lower rate than aggregate income and, as a consequence, a Ponzi game
becomes feasible. Such a Ponzi game will benefit the current young gen-
eration and, depending on the parameters of taste and technology, a finite
(maybe large) number of future generations. Thereafter, however, welfare
is lower than in an economy without public debt. Thus, tax-exempt bonds
may be employed by governments that want to please current generations
and the generations that live in the not too distant future.
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Appendix

In order to prove Propositions 3 and 4, the following Lemma will be estab-
lished.

Lemma 1 The system of difference equations (7) and (8) has the solution

e [A o
= 11 [ a-w bl 13
j=1
bb
b = o - , (14)
Y-\ ;
(Feia) G-+t
fort=1,2,....
Proof: Eq. (8) can be transformed into
11—« 1
xt+1:7(/1(_T)0)Cxt—(1_T)a, fort=0,1,...,

where x; = 1/b;. Solving this linear difference equation and then trans-
forming back leads to eq. (14). Eq. (7) can be transformed into

Yir1 = XY +my, fort=20,1,...,

where y; = Ink; and m; = In[(y(1 — «) — by)a/N]. The solution to this
difference equation is

t .
ytzoctyo—i—Zcxt_]m]-_l, fort=1,2,....
=1

Transforming back yields eq. (13). Q.E.D.



15

Proof of Proposition 3. Welfare of generation t may be expressed in terms

of indirect utility as
v=a[ll-y(1l—-—a) Inkt—y(1—a) In[y(l—a)—b]+C, (15)
where C is a constant given by

C=(1-y)In(1-v)+yn[1-1)yaA]
+(In[(1—a)Al+¥(1—«a) InN
—y(1—«a) InA.

Note that indirect utility at time ¢ is, in fact, a 1 + 3 multiple of v;. Since
the factor 1 + (3 is inconsequential, it has been omitted for simplicity.

Proof of i. Welfare of generation 0 reads
vo=a[l—y(1—a)] Inkg—y (1 —a) In[y (1 —a) — bg] + C.

Obviously, vy is strictly increasing in by.

Proof of ii. Now let by = b, which implies by = b forall t = 0,1,2,... and
substitute for k; in (15) by employing (13). Indirect utility of generation ¢
then becomes

Ut = OCH_l [1 - ’)/(1 - OC)] ll’lko

+a[l—y (1 —-«a)] Zt’ o' Infy (1 — ) — b
=1

—y(1—a)In[y(1—«a)—b]+C,
where
t

C=C+all-y(1-a)] ¥ o' /[InA—InN].
=1
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If the government had not started to issue bonds at time 0, indirect utility

of generation t would be
o=t [1—y(1—a)] Inkg
t .
ta[l-y(1-a)] ) o/ Inly(l-a)]
j=1

—y(1—a) In[y(1-a)] +C.

Now subtract 9; from v; to find after a few manipulations that v; > 9, is

equivalent to

Considering that 25'21 at=J = (1 —at)/(1 — «), this reduces to

a 1—ao
1—al—attl’

Y >

Proof of iii. In light of ii. it holds that v;_; > 9;_1 if

a 1—at1
l—a 1—aof °

Y >

Since

1—aof 1—at!

1o~ 1o
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it follows that v;_1 > 0;_1 if

a 1—o
1—al—aftl’

Y >

By backward induction one gets v; > ¢, forall j=1,...,t = 1. QE.D.

Proof of Proposition 4. Part i. has already been shown in the proof of
Proposition 3. To prove part ii. subtract 9; from v; to find that

v —0r=a[l —y(1—a) Z(x y(1—a)—bjq] —Infy (1 - a)]]
—v (1 —a) [Infy (1—06)—19] Infy (1 —a)]].

From (14) it follows that by < b;_j forall j =1,...,t. Therefore

v — 0 < |a[l—y(1—a) i(xt_j—y(l—(x)
< [infy (1 — &) — b — Infy (1 — )]

Since In[y (1 — ) — b¢] — In[y (1 — «)] < 0, it follows that a sufficient for
v — Ot to be negative is

a 1—o
1—al—aftl’

Y <
For y < a/(1 — «) there is some f > 1 so that

a 1—o

ol Q.E.D.

Y <
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